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Abstract

We obtain the Lipschitz boundedness for a class of fractional multilinear operators ]37‘21 with
rough kernels Q € Ls(S"™'), s > n/(n — a) on the local generalized Morrey spaces LM,;{ff},
generalized Morrey spaces M), , and vanishing generalized Morrey spaces VM, ,, where the
functions A belong to homogeneous Lipschitz space Ag, 0 < B < 1. We find the sufficient
conditions on the pair (@1, ¢2) which ensures the boundedness of the operators Ig;;n from
LM} to LM} from M, o, to My, ., and from VM, ,, to VM., for 1 < p < g < oo and
1/p—1/q = (o + B)/n. In all cases the conditions for the boundedness of the operator 137’21
is given in terms of Zygmund-type integral inequalities on (¢1, ¢2), which do not assume any
assumption on monotonicity of p1(z,7), w2(x,r) in 7.
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1 Introduction and results

It is well known that the fractional integrals and their commutators play an important role in
harmonic analysis and PDE, where the definition of fractional integral operator with rough kernel
I, is

Inf(z) = / Ady, 0<a<n. (1.1)

x =yl

By the famous Hardy-Littlewood-Sobolev imbedding theorem (see [33]), we see that I, maps
L,(R™) continuously into L,(R") with 1/p —1/g=a/n and 1 < p < n/a.

Let v = (71,72,---,7), and ; (i = 1,2,...,n) be nonnegative integers. Denote |y| = Y"1 | v;
and

— — 01,72
YV=ylywl. .o, 27 =x'z)”.. .z},

I~ ol
o OMixy 0V2ay . .. (’)%xn'

Suppose that Q € Ls(S"~!) (s > 1) is homogeneous of degree zero on R" with zero means value
on S"71 A is a function defined on R"™. Following [5], the rough fractional multilinear integral
Am .
operator Ig’, , is defined by

) = [ = ) s (1.2

xr — y|n—a+m—1
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where 0 < o < n, and R,,(A4;z,y) is the m-th remainder of Taylor series of A at x about y. More
precisely,
1

~ D7 A(y)(z —y)". (1.3)

Ry (Asz,y) = A(z) — Y

[v[<m

Corresponding the rough fractional multilinear maximal operator Mé‘ " is defined by

m 1 R, A;$7y
Mf;l,’a f(z) =sup m/B |y("—a+m)|—1 1Q(z — y)|f(y)|dy. (1.4)

r>0 T (z,r) |I‘ -

When m = 1, then Ié,a = Ig‘;’é is just the commutator of the fractional integral I . f(x) with
function A,

ot = [ T Y) () — Ay)) Fly)dy

e Jo— g
— A@)oa (=) ~ Toa(AD@) = (A Toalf (2),

where

naf@) = [ == Y) iy

n |z =yl

and Mé,a = MS‘?; is just the fractional maximal commutator of Mg , with function A,

M) =sup s [ . [A@) = AW 1o ) 15(y) .

>0 rn—a |17 _ y|n7a

When m > 2, Ig,’(T is a non-trivial generalization of the above commutator [4, Iq ,].

Since the commutator has a close relation with partial differential equations and pseudo-differential
operator, multilinear operator has been receiving more widely attention.

For 8 > 0, the homogeneous Lipschitz space AB (R™) is the space of functions f, such that

191 2 )

i, = su — < 00,

Ae x,hG]R’P,h;éO |h|?

where Al f(z) = flx+h) — f(z), AFT f(x) = AF f(z + ) — AF f(z), k > 1. Tt is easy to see that
if Ag(R™) and 0 < 8 < 1, then for any z,y € R”,

(@) = F@)| < le =yl 1 f14,-

Ding [5] proved the weighted (L,, Ly)-boundedness of IS:ZL, when DA € L,.(R"), 1 <r < oo,

= m—1. Wu and Yang [36] proved that if D"A € BMO(R" — m—1, then I2™ is bounded
|rY| g p ’ 7 Y Q7a
on L,(R™).
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On the other hand, in 1995, Paluszynski [24] studied the commutators generated by the Riesz
potential and a Lipschitz function and gave some characterizations of the Besov spaces. Motivated
by [24], it is natural to ask that what kinds of properties IS’;" has when D7 A belongs to the
Lipschitz class. In [19] the authors was prove that if 1 < p < ¢ < 0o and 1/p — 1/q = (o + ) /n,
then the operator Ié’gl is bounded from L,(R™) into L,(R™) for p > 1 and from L,(R"™) into
W Lg(R™) for p > 1. 7

In [19], Lu and Zhang proved the following result.

Theorem A. Let0 < a<n, 0<f<l,a+f<n, 1<p<n/la+p8),1/p—1/g=(a+B)/n
and Q € Lg(S™™1), s > n/(n — a — B) is homogeneous of degree zero on R™. Assume that A has
derivatives of order m — 1 in Ag(R"). Then there exists a constant C, independent of A and f,
such that

Am A,m
1M Flly@ny S o Flo,en S Y IDYAlly, I Ly @

[v|=m—1

forp>1 and

Am A,m
MG flwrg@ey S WG Alwe,en S D IDYAll4, IF 1|z, @)

lv|=m—1

for p > 1. Here and in the sequel, we shall use the symbol A < B to indicate that there exists a
universal positive constant C, independent of all important parameters, such that A< CB. A~ B
means that A < B and B S A.

The classical Morrey spaces were originally introduced by Morrey in [21] to study the local
behavior of solutions to second order elliptic partial differential equations. For the properties and
applications of classical Morrey spaces, we refer the readers to [3, 8, 9, 13, 21, 23, 26, 27, 28, 30].
The first author, Mizuhara and Nakai [11, 20, 22] introduced generalized Morrey spaces M, ,(R™)
(see, also [12, 13, 31]). In [11, 13, 20, 22], the boundedness of the classical operators and their
commutators in spaces M, , was also studied, see also [2, 6, 14, 32].

For brevity, in the sequel we use the notations

leﬁp(f;xa T) = rfn/p @(xvr)iln.fHLp(B(w,r))

and
Q‘gw(ﬂxﬂ”) = r—n/p 90(377T)_1||f||WLp(B(a:,r))-

Definition 1.1. Let ¢(z,r) be a positive measurable function on R™ x (0,00) and 1 < p < co. For

any fixed xyp € R™ we denote by LM;Z;O} = LM,;{,@}(R”) the local generalized Morrey space, the
space of all functions f € L;OC(R") with finite norm

Hf”LMé;";PO} = Eggglp7@(f;x07r)'

Also WLMéf;’} = WLMZ;{fOO}(R") we denote the weak local generalized Morrey space, the space of
all functions f € W LL¢(R™) with

— W o r.
Hf”WLM,Ef(,O} = iligmp,go(fax()ar) < 0.
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The local spaces LMéfp"}(]R”) and WLMéfa”}(R”) are Banach spaces with respect to the norm
_ . _ w .
||f||LMz§,z¢9} - ililgmpﬂp(f7m0’r)? ||fHWLM;‘£z¢0} - iglgmp,gp(fa anT),

respectively.
Remark 1.2. (i) When ¢(z,r) = rQA=m/p LM,}{,?}(R”) is the local (central) Morrey space
LM% (R™) studied in [1];

(#i) The local generalized Morrey space LMp{ff} (R™) were introduced by V.S. Guliyev in [11],
see also [12, 15, 18] etc.

Definition 1.3. The vanishing generalized Morrey space VM, ,(R") is defined as the spaces of
functions f € M, ,(R™) such that

lim sup A, (f;z,r)=0. (1.5)

r—0 zcRrn

The vanishing weak generalized Morrey space VIV M, ,(R™) is defined as the spaces of functions
f € WM, ,(R"™) such that

li wof; =0.
Tl_r)r});;lﬂg%lpw(f,xm) 0

The vanishing spaces VM, ,(R™) and VIWM,, ,(R™) are Banach spaces with respect to the
norm

1fllvag,., = I flla,,, = sup Apo(f;@,7),
x€R™ r>0
Ifllvwa,, = Ifllwa,,, = sup  Awpo(fiz,7),
z€R™ r>0

respectively.

In the case ¢(x,r) = r*="/P VM, (R™) is the vanishing Morrey space VM, » introduced in
[34], where applications to PDE were considered.

We refer to [17, 26, 29] for some properties of vanishing generalized Morrey spaces.

n [16], V.S. Guliyev proved the following result.

Theorem B. Let 19 € R™ and Q € Ly(S"1), 1 < s < 0o is homogeneous of degree zero on R™.
Let also 0 < o <mn, 1 <p<nja, 1/p—1/g=a/n, s <p orq<s, and o1 € Qpoc, P2 € Ugloc
satisfy the condition

~ €8s sup 1 (2o, T)T P gt
/ terse o — < Cpa(o,7), (1.6)

ta
where C does not depend onr. Then the operator Iq o is bounded from LMéf;’l} (R™) to LMq{fp‘;} (R™).
Corollary A. Let Q € Ly (S"1), 1 < s < oo is homogeneous of degree zero on R™. Let also
O<a<n, l<p<nfa,l/p—1/g=a/n, s <porqg<s, and p1 € Qp, p2 € Q, satisfy the
condition

=3

oo €8s sup @1 (z, 7)T it

/ tsT<o0 e " < C ooz, r), (1.7)
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where C' does not depend on x and r. Then the operator Ig . is bounded from M, , (R™) to
Mé‘htpz (Rn) :

In this paper, we consider the boundedness of the fractional multilinear operators Ié,’;n with
rough kernels Q € L,(S"~1), s > n/(n — @) on the local generalized Morrey spaces LM, gen-
eralized Morrey spaces M, , and vanishing generalized Morrey spaces V M, ,,, where the functions
A belong to homogeneous Lipschitz space Ag, 0<p<l.

Our main results can be formulated as follows.

Theorem 1.4. Let 29 € R" and Q € Ly(S"7!), s > n/(n — a — ) is homogeneous of degree zero
on R" Letalso0<a<n, 0<f<l,a+f<n, 1<p<n/la+p)and 1/p—1/q= (a+B)/n.
Assume that A has derivatives of order m — 1 in Ag(R™) and 1 € Q, 10c, P2 € Qg 10c satisfy the

condition (1.6) Then the operator Ié‘:? is bounded from LM%} (R™) to LML)} (R™) for p > 1
and from LMl{fg’l}(R”) to WLMiOz},ﬁ,m (R™). Moreover, for p > 1

A,
AT e S (D2 1DV Al ) 171 gt
|y|=m—1

and for p =1

A,
V8T Pl gty S (030 N0V Al, ) WAl gt

n—a—p'¥2

[v|=m—1

Corollary 1.5. Let Q € Ly(S"1), s > n/(n — a — 3) is homogeneous of degree zero on R". Let
also 0 <a<n 0<fB<l,a+f<n 1l<p<n/(a+pB) and 1/p—1/q = (a+ B)/n. Assume
that A has derivatives of order m — 1 in Ag(R™) and ¢, € Q,, 2 € Q, satisfy the condition (1.7)
Then the operator Ié’;n is bounded from M, ,,, (R™) to My ,,(R™) for p > 1 and from M; ,, (R")
to WM__x (R™). Moreover, for p > 1

n—a—p P2

Am
VST it S (0 1074l ) I lu,c

[y|[=m—1

and forp=1

A,
12 flwnr S (S0 1074l ) I,

n

[yl=m—1

Theorem 1.6. Let Q € L (S" 1), s > n/(n — a — ) is homogeneous of degree zero on R". Let
also0<a<n 0<pB<l,a+B<n 1<p<n/(a+p)and1/p—1/q=(a+ 3)/n. Assume that
A has derivatives of order m — 1 in Ag(R™) and ¢1 € Qp1, 2 € 4,1 satisfies the conditions

e dt
cs = sup p1(x,t)— < 00
5§ zeRn t

for every § > 0, and

< p1(x,t
/ fll_(a_ﬁ) dt S COSDQ((E,T), (18)
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where Cy does not depend on € R™ and r > 0. Then the operator IQ’ is bounded from VM), .,
to VMg ., for p>1 and from VM, ,, to WVMH_Q_ oo+

2 Some preliminaries

To prove the theorems, we need auxiliary results. The first one is the following characterizations of
Lipschitz space, which is due to DeVore and Sharply [10].

Lemma 2.1. Let 0 < § < 1. Then

1
1 ury S0P o [ 1#@) = folde.

Below we present some conclusions about R,,(4;z,y).

Lemma 2.2. [25] Suppose A be a function on R™ with the m-th derivatives in LI°°(R"), ¢ > n.
Then

1/q
1
R (A2, y)| S o —y[™ / IDYA(2)|dz | .
;m B(z,5vn|z — y|) JB(2svmle—y))

We state the following important lemma.

Lemma 2.3. [35] Let Q € Ly(S" "), s > n/(n— a — f8) is homogeneous of degree zero on R™. Let
also0<a<n, 0<pf <1, a+pf<nand DA € Ag(R™). Then

A, m
’I ‘ ( HDWAH )f\m,aw(lfl)(x)- (2.1)
y|=m—1
Finally, we present a relationship between essential supremum and essential infimum.

Lemma 2.4. [4, 37] Let f be a real-valued nonnegative function and measurable on E. Then

. -1 1
(ezseglff(x)) = esses;p @)

It is natural, first of all, to find conditions ensuring that the spaces LMgf;} and M, , are
nontrivial, that is consist not only of functions equivalent to 0 on R™.

Lemma 2.5. Let 29 € R", ¢(x,r) be a positive measurable function on R" x (0, 00) and 1 < p < co.
If

sup =oo for some ¢t > 0, (2.2)

t<r<oo 30(3307 T)

then LM,E,T;)}(R”) = O, where O is the set of all functions equivalent to 0 on R"™.
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Proof. Let (2.2) be satisfied and f be not equivalent to zero. Then Hf||Lp(B(I07t)) > 0, hence

1] —n
||f||LMIg§9} 2 Suwp (o, ) 1P| fllL, (B0

£z, (B@osy sup @(zo,r) 'r 7.
t<r<oo

v

Therefore ||f||LMZ£Z9} = 00. Q.E.D.

Remark 2.6. We denote by €, 10c the sets of all positive measurable functions ¢ on R™ x (0, c0)
such that for all £ > 0,

r op
sup 7H < 00
vern 11o(2,7) 1L oo (2,00)

In what follows, keeping in mind Lemma 2.5, for the non-triviality of the space LMéf(,O}(R”) we
always assume that ¢ € 0 10c-

Lemma 2.7. [7] Let ¢(z,r) be a positive measurable function on R™ x (0,00) and 1 < p < 0.

(i) If
t<s;1<poo 907;;757") =oo for somet >0 and for all z € R", (2.3)
then M, ,(R") = ©.
(ii) If
sup p(z,7) ' =00 for some 7 >0 and for all z € R", (2.4)

o<r<r
then M, ,(R") = ©.

Remark 2.8. We denote by 2, the sets of all positive measurable functions ¢ on R" x (0, 00) such
that for all ¢t > 0,

7'7%
p(z,1)

respectively. In what follows, keeping in mind Lemma 2.7, for the non-triviality of the space
M, ,(R™) we always assume that ¢ € Q.

sup
zER™

< oo, and sup
Loo(tvoo) z€R™

-1
T, T < 00,
w.m) HLOO(O,t)

Remark 2.9. We denote by 2,1 the sets of all positive measurable functions ¢ on R™ x (0, c0)
such that

wlen]l{n ir;g p(x,r) > 0, for some ¢ > 0, (2.5)

and
rn/p
im —— =0,
r—0 90(‘@7 7’)
For the non-triviality of the space V.M, ,(R") we always assume that
Y2 S Qp,1~
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3 Guliyev type local estimates

In the following theorem we get Guliyev type local estimate (see, for example, [11, 13] ) for the
operator Ié”;".

Theorem 3.1. Let 7o € R" and Q € Ly(S"™1), s > n/(n — a — () is homogeneous of degree zero
on R" Letalso0<a<n, 0<f<l,a+fB<n 1<p<n/(a+p)and 1/p—1/q=(a+B)/n.
Assume that A has derivatives of order m — 1 in Ag(R™), then the inequality

A,m n e _n_
122 Ao < (0 10718, ) % [ W om0 (3)
[vl=m—1 "
holds for any ball B(zg,r) and for all f € LL"C (R™), p > 1. Moreover, for p =1 the inequality
A > 1
1o 5 Flw L, (Bor)) < C( Z HDWAHA,;) " /2 Iz, (Baoyt ™ " dt (3.2)

[v|=m—1

holds for any ball B(xo,) and for all f € L'°°(R"™), where the constant C independent of f, r and
Zg-

Proof. We write f as f = fi1+ fa, where f1(y) = f(y)XB(mOm)(y), X B(xo,2r) denotes the characteristic
function of B(zg,2r). Then

Am A,m Am
10 0 fllLgB@or)) < Haw fillL,(Bor) T Hale f2llLy(Bor)-

Since f; € L,(R™), by the boundedness of Té‘)a from L,(R™) to Ly(R™) (Theorem A) we get

Am A,m
o0 fillL, (o) < o fillL, @

SO 10l 1A, @

[v|l=m—1
= (2 DAl ) 1S, e
[y|=m—1
Moreover, the following inequality
||f||Lp(B(:r072r)) ,S T% Hf||Lp(B($O72T))/2 tigildt
<ra / If L, (Baosnt™ ¢ 'dt (3.3)
2r
is valid. Thus
A,m n & _n_
15 n fill Ly (B(zor)) S ( Z ||D7AHAL3) T /z Iz, (Baot)) t Ldt. (3.4)

[y[=m—1
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By Lemma 2.3 we get

rn@| (X [P, ) fieess(f2@)

[vl=m—1
(X 120 fogny et V@l

x0,21)) |CE -
To estimate ||I£1’;nf2||Lp(B(w07r)), obverse that € B, y € (2B)° implies |z — y| = |zo —y|. Then
we have

N

[vI=

swp I3 (F)@) S (3 HDWAH ) / 126 = )11

= Sop) |To —y[nmoh

By Fubini’s theorem we have

/ [z — )|

|zg — y[n—oF

o dt
[z - y) e W
(2B) lzo—y tFITOTF

e
~ [ SO0~ )yt
Ix

2r<|zo— y|<t
dt
)2z dy———.
/| W0~ Dl

Applying Holder’s inequality, we get

/ Lf ()] —y)\dy
(2B

20— g1

& 11 dt
S Hf”L,,(B(rco,t)) 192(- — y)”LS(B(zo,r)) \B($O»t)|1 e v (3.5)
o tn+ B
S [ 1oty
Moreover, for all p € [1,00) the inequality
||Ié,’;nf2\|Lq(B) < ( Z HDWAHA )T%/ £z, (Bzo.t) tatat. (3.6)
B 2r

[y|=m—1

is valid. Thus, combining the estimates of (3.4) and (3.6), we have

V32 e < (32 |02, ) / 112y By 5 dt
v "

=m—1
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Let p=1< ¢ < s < oo. From the weak (1, ¢) boundedness of I ,, and (3.3) it follows that:

||IA o fillwe, ) < ||[A o fillwe, @

(%l

[v[=m—1

)
Z DA ) Ifllz,2B) (3.7)
)

[RATAEE)
ﬁ

—1

5( > ol ) [ s i

A

Then from (3.6) and (3.7) we get the inequality (3.2).
This completes the proof of Theorem 3.1. Q.E.D.

4 Proof of Theorem 1.4

Since f € LM,;{ffl} (R™), then by Lemma 2.4 and the non decreasing, respect to t, of the norm
If1l 2, (B(o,t)> We get

1 f112, (B (o))

sl er(mo,myT

= < ess sup M
n t<‘r<oo 901(I0, )TP

. ||f||L,,(B (o)

> > {zo}-
T>0 ﬁpl(fﬂo, ) p H‘f”LMp,g?l

Since (1, p2) satisfies (1.6), we have

/ I fllL, (Bzoant @ ' dt

:/O" 1F o, (o S er(zo, )77 4

o t
szt o1 (@0, )7 t

< = g0, DT gy

= ”‘fHL]VI,E,ﬁ)l} . t% 7

5 502($07t) Hf”LM;,“;?l}'
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Then by (3.1) we get

1 1 1/q
T Flpggeos = U ( [ )y
Waia Tlaantze) =300 Gy ) \IBGo )] Jageny 2o /)

1 > _n_
(X wal) sw s [l mt

I —— t>0 P2
SO DAl ) 1Sl prgeor-
[y[=m—1

5 Proof of Theorem 1.6

The statement is derived from the estimate (3.1). The estimation of the norm of the operator, that
is, the boundedness in the non-vanishing space, immediately follows from by Corollary 1.5. So we
only have to prove that

. a,V . o : a,V Am g, _
}1_1% wseu]lg A, (fiz,r)=0 = }1_% Iseungb A0, gy fio,m) =0 (5.1)
and
. o,V . o . W,a,V Am g, _
Th_>mO xseuﬂgl 2[1#,1(]0758, r)=0 = ll_r)% Is;ﬁg Q[n/(n*ﬁ),w (Iﬂ,a fiz,r)=0. (5.2)

To show that sup gog(x,r)*lr’”/pHIS’ZYanLq(B(I’T)) < ¢ for small , we split the right-hand side
TER™ ’
of (3.1):
r * —-1,.—n/p| 7AmMm
1+ m (,02(31‘,7“) r Hlﬂ,a fHLq(B(z,r)) < C[L;O (.’L‘,?“) + J5O (JJ, ’I“)], (53)

where dyp > 0 (we may take dp > 1), and

do
NN AT andt
ERS /T 11, (B0

and

(@) —n_q
J = N PE) t a dt
50 (T, 7) ool /60 12, (B0

and it is supposed that r < dg. We use the fact that f € VMJ?,ZX (R™) and choose any fixed dg > 0
such that

g

& —1;—n
sup (1 + 7) (pl(.fC,t) t /p”fHLp(B(Iat)) < m,
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where C and Cy are constants from (1.8) and (5.3). This allows to estimate the first term uniformly
in r € (0,d) :

sup Cls,(z,r) < =, 0<r <dp.

zER™

| ™

The estimation of the second term now my be made already by the choice of r sufficiently small.
Indeed, thanks to the condition (2.5) we have

(1+ﬁ)u

J <o
50(1‘,7")_60 (Pl($7r)

1l agey
where ¢,, is the constant from (1.5). Then, by (2.5) it suffices to choose r small enough such that

r «
(1 + ‘p<x>> £
sup <
cckr  p2(w,7) 2Coo||f||VM;¢V1

)

which completes the proof of (5.1).
The proof of (5.2) is similar to the proof of (5.1).
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